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K. Thanigasalam has shown that for any positive integer k the sequence of 
positive integers represented by xaB + x8* + x66 + x1* has positive density. 
Here we prove that the asymptotic density of this sequence is 1, a similar result 
is proved for the sequence represented by xS8 + x8* + xSB + x1&. 
1. INTRODUCTION 
Recently Thanigasalam [12] has shown that for any positive integer k 
the sequence of positive integers representable in the form 
where the xi’s are non-negative integers, has positive Schnirelmann density; 
he also proved a similar result for integers represented by 
x‘J2 + x33 + x($6 + Xl”. (2) 
We shall improve on these results by showing that almost all (in the sense of 
asymptotic density) positive integers may be represented in each of the forms 
(1) and (2). The method used is based on that of Roth [$I, who proved that 
almost all integers may be expressed as the sum of a square, a cube and a 
fourth power of positive integers. An essential feature of Roth’s method is a 
truncation of the singular series so that problems of convergence do not 
arise. The results proved here are new when k > 5, for k = 2,3,4 they follow 
trivially from the results of Davenport and Heilbronn [4, 31 and Roth [S], 
respectively. 
THEOREM 1. For any positive integer k, almost all positive integers may be 
expressed as the sum of a square, a cube, a fifth power and a kth power of 
positive integers. 
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THEOREM 2. For any positive integer k, almost all positive integers may be 
expressed as the sum of a square, a cube, a sixth power and a kth power of 
positive integers. 
Theorem 2 is best possible, in the sense that the result is false if we omit the 
kth power: for consider those u < N representable as 
u = x22 + x33 + x,6. (3) 
In each such representation we have x2 < N112, x8 < N1i3 and x6 < N116. 
Choosing 8 so that 0 < 8 < 1 and 82 + lP + 8s = 1, that is 8 = 0.712..., 
we observe that if x2 > BN112, xs : 8N*13 and xg > ONlIe then 
u = x22 + x33 + x,6 > (e2 + O3 + @)N = N 
so in (1 - 0)3N of the possible cases we have u > N. Therefore the number of 
u < N representable in the form (3) is at most 
{I - (1 - e)3}N = 0.976 ... N. (4) 
The question of whether the kth power can be omitted from the statement 
of Theorem 1 remains open. 
Roth [9] proved that all sufficiently large integers may be written in the form 
provided that s 3 50. This problem was subsequently studied by Thani- 
gasalam [I I] and Vaughan [13, 141, the most recent result being that of 
Vaughan [14] who proved that the result holds for s 3 26. More generally, 
the following remarkable result was stated by Freiman [5] and proved by 
Scourfield [lo]. 
THJDREM 3 (Freiman-Scourfield). Let nj be a non-decreasing sequence of 
positive integers. Given any integer nj of this sequence there will exist an integer 
r, depending only on nf , such that all st.@iciently large integers may be repre- 
sented by 
$J + xzJ+l + . . . + x:j+r-l (6) 
$ and only if, the infinite series C ni’ is divergent. 
In particular, when (5) is the sequence of primes, there exists an integer r 
such that every sufficiently large integer may be expressed as 
Xl2 + x2” + x35 + *.. +- -up (7) 
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wherepi (j = I,..., r) is thejth prime. In this context, the following Corollary 
to Theorem 1 may be of interest. 
COROLLARY. Almost all positive integers may be expressed as the sum of a 
square, a cube, a$fth power and a seventh power of positive integers. 
2. NOTATION AND PRELIMINARIES 
Let k be a fixed positive integer, we may suppose that k > 5. We use 
Vinogradov’s <-notation where the implicit constant depends at most on k 
and an arbitrarily small positive number E; C denotes a positive number, not 
necessarily the same at each occurrence, depending at most on k. We may 
suppose that n is large, that is n > n,(k). We write e,,(z) for exp(2Sz/q). 
For any positive integer r let 
f,(@ = C @xl‘). (8) 
l<E<& 
For&= 1, 2 we take 
e(e) = nf7<@ (9) 
where n1 denotes a product over r = 2, 3, 5, k and n, denotes a product 
over r = 2, 3, 6, k. Then 
403 = C ~~(4 44 + 1 t&4 e(ue) for j = 1, 2, 
u<n niu44n 
where p&) is the number of representations of u in the form (j) and ti(u) is 
independent of 8. Let h and q be positive integers, subject to the restrictions 
h<qand(h,q)= 1. Wetake 
S(h, q; r) = 5 e,(hx’) 
CC=1 
Z(qS; r) = r-l 1 ul’~-le(+u), 
-3 
(11) 
g,Ut k d = q-W, 4; r> z(e - h/q; r>, WI 
GA4 k 9) = n g,(e, h, 4, for j=l,2, (13) 
and 
Adu, 9) = c d--h4 n q-W% 9; r), for j-1,2, (14) 
h j  
pl=;+;+;+j+g+; 
P”=;+;+;+;=l+;. 
(15) 
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Let 6 and T be fixed small positive numbers, which may be chosen explicitly 
in terms of k, and put 
x = X(n) = $6 log n and a = k-l - i-. (16) 
For each 19 E [0, l] there exist integers h, q such that 
1 < q d nl-“, 1 < h < q, (h, q) = 1 and / f3 - h/q I < q-1n”-1, (17) 
with the usual convention at the end-point of the interval. For 1 < h < q < 
n” we take the major arc M(h, q) to consist of those 0 satisfying (17), the 
major arcs M are union of these M(h, q) and the minor arcs m consist of the 
rest of the interval [0, I]. 
3. THE MINOR ARCS 
LEMMA 1 (Weyl’s inequality). Let K = 2k-1. If6 E m then,for any E > 0, 
1 f,(e)! < nl+aIK+f. (18) 
See, for example, Lemma 1 of Davenport [2]. 
LEMMA 2. For any E > 0 
(19) 
and 
s f I h(e) .f2m hm2 de Q +. (20) 
The estimate (19) is Lemma 5(b) of Roth [9]; the estimate (20) may be 
proved in the same way. 
LEMMAS. Forj=1,2andanye>O 
s 
( Fj(e)(” de < n2”j-1-2a’K+t. 
m 
This follows immediately from Lemmas 1 and 2. 
(21) 
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4. THE MAJOR ARCS 
LEMMAS. If8EM(h,q)thenfor2<r<kandanyc>O 
f@) = g@, h, q) + Wqs’4+f). (22) 
This may be proved in the same way as Lemma 8 of Davenport [I]. 
LEMMA 5. Let /I 6 jl denote the distance of 5 from the nearest integer and 
take min(q O-l/‘“> = 7. Then 
g,(B, h, q) < q-lir min(@ , II 0 - h/q ll-1’3. (23) 
This is Lemma 1 of Roth [9]. 
LEMMA 6. Let 0 E M(h, q), then for any E > 0, 
and 
qe) - Gl(e, h, q) < q--1’/60+%=~30 (24) 
F2(B) - G2(e, h, q) << q-lj4+%. (25) 
Proof. Now q < noL and a! < l/k. From Lemmas 4 and 5, for 2 G r < k 
fTte) = g,(e, h, 4) + o(9 3/4+c) < q-ll’nllf + qs/4+~ < q-ll~$P. 
Hence 
f2f3 - g2g3 = fs(f2 - &?2> + (f3 - 88) g2 
< q-l/3n1/3q3/4ts + q2/4+~q-l/2n1/2 < q1/4tfn1/2. 
Similarly 
and 
fd& - g2g& < q-1’12+%bi6 
The Lemma follows after a further iteration. 
LEMMA 7. Integrating over all the major arcs M(h, q), 
E La) 
( F$;j(e) - Gj(8, h, q)l” de < n2ui-1-m’2 (26) 
for j = 1, 2. 
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Proof. We prove the Lemma for j = 1, the case j = 2 is similar. The 
integral is 
< *& ; (q-lnn-l)(q-l7/60+E~31/30)2 
.g n31/15-l+2~+43a/30 = n2u-l-2/kt2f+43a/30 
< n2u--1-a/2 
as (31 -=c I/k. 
5. COMPLETION OF THE ANALYTICAL ARGUMENT 
Let a(X) denote the set of those integers pll ... pit which occur in the 
expansion of 
Since 
L!i zl p”* . / 
D”EX 
xnkd ( xtx/1ogx = e2x = ns 
, 
d(X) contains no integer greater than K@, and C?(X) contains all positive 
integers not exceeding X. Let Hand Q denote positive integers subject to the 
restrictions 
I<H<Q<ns W, Q> = 1. (27) 
For j = 1, 2 we take 
Tde) = c 1 GA& K Q) and WI = c 1’ G,@, H, Q>, (28) OEB(X) ‘Y O@(X) H 
where the accent after the summation sign means that, if 0 is in a major arc 
M(h, q), the term Q = q, H = h (if any) is to be omitted from the sum. 
LEMMA 8. Forj = 1,2und~ > 0, 
(29) 
and 
(30) 
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ProoJ From Lemma 5 
Similarly, the left-hand side of (30) is 
LEMMA 9. Forj= I, 2 
Proof. By Cauchy’s inequality, we have 
s 
’ 1 Z-“(d)~” d0 < n2”+0, 
0 
From Lemma 8 we have 
J’b 1 meI de G n26 .x& ; Jo I)--M(la q) I G,(e, h, q)12 dB 
< n38nL)(2Pj-l) < n2u3-1-a 
provided that S is sufficiently small. 
LEMMA 10. For j = I, 2 
s 
l I403 - Tf(e)l” de < n2”+(log n)“l”f. 
0 
(31) 
(32) 
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Proof. If 19 E M(h, q) and q E a(X) then 
If 0 E M(h, q) and q $ a(X), so that q > X, then 
4 ! am - 7-,(ev G I me) - c,(e, h, q)12 + I 7xw -i- ! G,(e, h, a*. 
If 0 urn then 
g I Fj(e) - Ti(ey G I Fj(e)i2 + I 7-;(8)12. 
Hence the integral does not exceed 
and these terms are estimated using Lemmas 7, 9, 3, and 8, respectively 
LEMMA 11. For j = 1, 2, if(ql, q2) = 1 then 
Mu, 91 q2) = 44 41) 4(4 q2) (33) 
and A&, I) = 1. 
This may be proved in the same way as Lemma 6 of Davenport [2]. 
We take, for j = 1, 2, 
LEMMA 12. For ,j = 1, 2 there exist numbers h,(u), 4 < u < n, such that 
and 
h,(u) > Cuej-l for 4 < 24 < II, (35) 
c I p&) - h,(u) Gj(?l, u)l” < ?Pqog i?)2-2Pj. (36) 
4@<” 
This may be proved in the same way as Lemma 10 of Roth [8]. 
64111114-4 
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6. THE CONTRIBUTION TO THE SINGULAR SERIES FROM SMALL PRIMES 
In supposing that n is large, we may assume that X > P. We consider in 
this section the contribution to the singular series coming from powers of 
primes p ,( k4. Since X > kla, for each such p 
lx0 4% P”) = i. 4, P”) (37) 
PV<X 
where I Z 4. Let A$(u, p”) denote the number of solutions of 
x22 + x,s + xs6 + xlk = u(mod p3, xi 6 @; 
N,(u, pd) is similarly defined when the fifth power is replaced by a sixth 
power. 
LEMMA 13. Forj= 1,2 
(38) 
This may be proved in the same way as Lemma 8 of Davenport [2]. 
LEMMA 14. Let r be a positive integer. Given any u and p there exist x2 , 
x3 and y satisfying 
x,2 + x,2 + y’ s (mod p). (39) 
This may be proved in the same way as Lemma 25 of Roth [9] since +l 
is an r-th power residue mod p for all r. 
LEMMA 15. Let b(p) = 4 ifp = 2, 1 ifp > 2. If u1 = 1 mod $(P) and 
I > b(p) then there exists x satisfying 
xk E u, mod pC. WI 
This is Satz 36 of Landau [7]. 
LEMMA 16. For j = 1, 2 and some positive Co , depending only on k, 
(41) 
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Proof. Each sum in the product is of the form (37) with G > 4 and, by 
Lemma 13, equals p-3G Nj(u, pe). Suppose j = 1, the case j = 2 is similar. 
By Lemma 14, we see that for p > 2 there exist xz , x, and xj such that 
x22 + x33 + x55 EX u - 1 mod p. 
If p = 2, by inspection we see that there exist x2 and x3 satisfying 
Thus for ( 3 4 
x22 + x33 s u - 1 mod 16. 
x22 + x33 + x55 = u - 1 mod pb(“); x2, xQ , xr, < pL (42) 
has at least p3”-b(“)) solutions (x2, x3, x5). For each such solution there 
exists, by Lemma 15, xK satisfying 
xkk = u - (x22 + xs3 + x56) mod p” 
and so N,(u, pe) > P~‘~-~(P)) > p3/-12. Thus for each p < k4 
so we may take 
co = n p-12 > 0. 
p<k4 
7. THE TAIL OF THE SINGULAR SERIES 
We take 
S’(h, p”; k) = 5 e,v(h.x”) 
X=1 
n*z 
B,(u, p”) = p-AU 5 S(h, p”; 2) S(h, p”; 3) S(h, p”; 5) S’(Iz, p”; k) e,,v(-Au) 
h=l 
zvh 
and let N;(u, p”) denote the number of solutions of 
x22 + x3” + x55 + x1{: = ZJ mod pe; xi 6 pe; p T x1 ; 
B,(u, py) and N~(u, pd) are similarly defined on replacing 5 by 6. 
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LEMMA 17. Forj= I,2 
1 - p-l + i Bj(U, p’) = p-Wj’(U, pq. WI 
"=l 
This may be proved in the same way as Satz 33 of Landau [7]. 
LEMMA 18. For j = I,2 
) A&, p)I < 10 kp-l. (45) 
This may be proved in the same way as Lemma 11 of Roth [8] since 1Ok is 
an upper bound corresponding to the number b(p) occurring there. 
LEMMA 19. If p 7 h then 
I S(h, P; 2)S(h, P; Wh, P; 5)l < 8~“~ (46) 
and 
I Wh, P; 2)S(h, P; Wh, P; 6)) < 10~“~. 
This follows from Satz 311 of Landau [6]. 
(47) 
LEMMA 20. For p > k4 (k > 5) and j = 1, 2 we have 
i. A,@, p’) > 1 - 12kp-l. (48) 
Proof. From Lemma 13 we have 
i Aj(U, p”) = p-W&, pq > p-“Wj’(u, pq = 1 - p-l + B,(u, $4 
v=O 
Consider the case j = 1 (the other case is similar). Since 
s’(h, p; k) = S(h, p; k) - 1 
we have, from Lemmas 18 and 19, 
I Bh P)I = 1 A&, P) - P-~ z1 S(h, P; 2) S(h, P; 3) W, P; 5) ed-hu)l 
h=l 
< lOkp-l + 8p-3J2 < llkp-l. 
Hence 
i A&, p”) 3 1 - p-l - 1 B,(u, p)I > 1 - 12kp-l. 
“=O 
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8. PROOF OF THEOREMS 1 AND 2 
LEMMA21. Forj=1,2wehaue 
Gj(rz, 24) > C,(log log n)-c. (49) 
Proof. Now, by Lemmas 16 and 20 
w4 4 = lj 1 444 P”> 
P$X v>o 
P”<X 
> co JJ (1 - 12kp-1) 
?kP<X 
> C,(log X)-C > C,(log log n)-“. 
From Lemma 12 we now have 
c u2ui-2 < n2ui-1(log .)l-Uj 
4@Q 
oj(u)=o 
and so 
c 1 < n(log n)-+ + c 1 
u<n 
Dj(U)==O 
Pj(UbO 
n~logn)-v"(u<n 
Q n(log n)-l/2" 
which completes the proof of Theorems 1 and 2. 
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